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A mathematical model of soil moisture spatial distribution
on the hill slopes of the L oess Plateau
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Abstract Based on important factors that affect soil moisture spatial distribution, such as the
slope gradients, land use, vegetation cover, and surface water diffusion characteristics together
with field measurements of soil moisture data obtained from the surface soil under different land
use structures, a soil moisture spatial distribution model was established. The diffusion degree
coefficient of surface water for different vegetations was estimated from soil moisture values ob-
tained from field measurements. The model can be solved using the finite unit method. The soil
moisture spatial distribution on the hill slopes in the Loess Plateau were simulated by the model. A
comparison of the simulated values with measurement data shows that the model is a good fit.

Keywords: L oess Plateau, hill slope, soil moisture, mathematical model.

Soil moisture is not only an important component of soil, but also acritical determinant of its
productivity. The transmission of all soil materials, including plant intake nutrients from soil, re-
quires moisture). Soil moisture is closely related to vegetation cover and land use?. The status of
soil moisture influences the growth of plants and crops, and at the same time vegetation cover and
land use can also influence the soil moisture content and its distribution™4. Therefore, determin-
ing how to maintain soil moisture is very important for the semi-arid region of the Loess
Plateaul® . Important progress in mathematic modeling of the vertical transmission of soil mois-
ture from soil to plant and the absorption of soil moisture by plant roots has been made/®® by the
research of soil moisture on the Loess Plateau. Slope hydrology models focus mainly on rain-
fall-runoff and erosion-sediment™®™. However, the soil moisture spatial distribution prediction
model is still a shortage in the loess hill slope. The content and distribution of soil moisture were
obtained through the measurements or sampling in the field!™> . The objective of this paper isto
develop a mathematical model for the spatia distribution of soil moisture on the loess hill slope
by the analysis of important factors that influence soil moisture content and surface water diffu-
sion characteristics. The model coefficient was estimated from soil moisture data measured at
three hill slope transects. The spatial distribution of soil moisture on the hill slope was simulated
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using the model and then compared with measurement data from the field. This study is important
for forecasting the spatial distribution of soil moisture on the hill slope of the Loess Plateau.

1 Study area and methods

The study area was the Yangjuangou catchment, which belongs to Yan'an city and covers an
area of 2.02 km?. The regional topographic types are loess hills and gully landforms. The gully
density is 2.74 km « km™, which is typical for the loess hilly area. The region has a semi-arid
continental climate with an average annual rainfall of 535mm. The rainfall is concentrated mainly
between July and September and varies greatly from year to year. The soil in the study area is
mainly derived from loess; it is fine silt to silt in texture and weakly resistant to heavy erosion.
The erosion rate is severe with an average loss of 8979t « km™ + a* between 1991 and 1996,
The natural vegetation has been destroyed completely and the cultivation index is high. Land use
types are mainly slope farmland, terrace farmland, orchard, grassland, and artificial woodland.

Three transects, with typical land use structures that have existed for about 15 years, were
selected from the hill slopes of the study area. The land use structure combinations from foot to
top of the hill were: grassland-slope farmland-woodland, slope farmland-grassland-woodland, and
slope farmland-woodland-grassland. The grassland is natural grassland. The woodland is artificia
locust woodland. The crops grown on the farmland are potatoes (Solanum tuberosum), beans
(Phaseolus vulgaris) and millet (Panicum miliaceum). The slope gradients are nearly uniform
ranging from 10° to 30° from the hill foot to the upper slope. The hill slopes have no irrigation.
A portable TDR (Time Domain Reflectometry) instrument was used to measure soil moisture
content on August 8 and 9, 1998. At least three different positions from top, middle and bottom
were selected for each land use type. At each position, the slope gradient was recorded and three
samples were taken to measure the moisture content at five depths: 0—10, 10—20, 20—30, 30—
50, and 70 cm. There were 96 sample points altogether at the three transacts. After digging to dif-
ferent depths with a soil drill, the soil moisture content was measured by portable TDR.

2 Conceptual model and mathematical model

Rainfall, soil characteristics, slopes and land cover are important factors affecting soil mois-
ture distribution!™®. Since the soil characteristics of the loess area are uniform, the main factors
that determine soil moisture are land cover, slope gradients, and the characteristics of surface wa-
ter diffusion. We can construct a mathematical equation as follows:

0 ou .

EEHS)E@“L gsin6 =0, 0
where u is surface water flux rate; g is gravitation acceleration; sis a parameter of the length of an
arc; 6 isanincluded angle between a tangent line and a flat surface at each point, and is a func-
tion with s as an argument; k(s) is the diffusion degree of surface water for different vegetations,
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and afunction of a constant within afinite area.

The physical meaning of the equation is that diffusion of surface water is in balance with
gravitation along the slope. Soil moisture is determined by surface water and rainfall infiltrate into
the soil on hill slopes. Under conditions of constant precipitation, the more the surface runoff, the
less the soil moisture; and vice verse. There are two factors that affect surface runoff. One is the
water flow rate: when the water flow is swifter, the water content that infiltrates the soil is less.
Another is obstruction to water flow by vegetation. Under the condition of constant water flow
rate, the greater the obstruction by vegetation to the water flow, the more the water that permeates
into the soil. In the model, u is surface water flow rate, k is obstruction of vegetation to water flow.
So, K/u is an important value, which is a direct ratio to soil moisture. In eqg. (1), u is flow rate of

surface water, a_u is a convection of the flow in mechanics, i BQE is adiffusion of the flow,
0s 0s[PsC

k(s) shows obstruction by vegetation to the diffusion, and the diffusion is balanced with gravita-
tion along a tangent.
Using position and atitude at each

sampling point, and using the insert value *

method to simulate real data, we could draw = ool

topographic curve of the hill slope (fig. 1) 3

and take it as h(x), where x is the level E ol

coordinate of each point, h(x) is the relative ¢

height from the lowest point to this point, E ol W

and h'(x) isthe slope gradient of this point.

We could derive the dtitude and slope gra ol G > . !

dient at each point. 0 50 Distance/ niOO 150

From the definitions of S and 91 WE Fig. 1. The simulation of slope gradient and altitude for grass-

0 1 9 _ Iand?slope farmland-woodland _slope. G, grfsmland;_ S, slope farm-

know that — = —, sn@ = land; W, vyoodla_nd. Real qurveystopographpfuncnon h(x), circles
os W Ox gr/\’(i.esnargir;lfl ;gen Ft)(ljle\r:j 8;:_)” moisture; star points are boundary be-

h’(x)/\/1+ (h'(x))? . With this, we could deduce eq. (1) as follow:

;i (X) 1 a_uH+ gh'(X) =0
S o2 X5 L2 XH Jieog?

whichisegual to

d 1 ou
2K () "= L gh'(X) =0. 2
XE L ()7 0K

By giving a higher priority to k/u, and not to the surface water flux, we can make a variable re-
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placement, that is, U = u/k, K = k% Then eg. (2) can be changed into
9 1 auf

o d Y e tncor o

By integrating both sides, eg. (3) can be changed into
1 ou

+gh'(x)=0. ©)

K(X) ————dx+ [gh'(x)dx=0.
J VL* ()% O J
Because of o :a_u =0, s0 L] :a—U =0. We could get the following
0x x=0 0s s=0 0X x=0 0s s=0
equation:

K(x)%—‘i + gh()y/1+ (N(x)? =0. (4

[K; 0<x<Xy,
As mentioned above, K(x) is a constant within a finite area. K(X) = El(z X< x< X,, where
s Xp<x<Xs,
K1, Kz and K3 are constants. X; and X, indicate respectively the level coordinate of transform
points between two land use types. X3 is the maximum value of the level coordinate of the hill
slope.

3 Estimation of coefficients of model

With soil moisture data obtained from field measurements in the different land use types on
loess hill slopes, we could derive values of Kj, K, and Ks. Before calculation, we can make the
following analysis:

when 0<<x<< Xy, K(X) = Ky, by integrating eg. (4) from 0 to X, we can get

KiU 00 = KU (0)+ [ gh(E)1+ (W (€)?dé =0, ©)
when X, <x<X,, K(X) = K», by integrating eq. (4) from X to x, we can get
KU 00 = KU (X,) + [ gh@1+ (W(€)%ds =0, ©®)
when Xo<x<Xs = X, K(X) = Ka, by integrating eq. (4) from X, to x, we can get
K () = KU (X;) * [ ah(ENL+ (W(E)° o =0. ™

Within 0<<x<< Xy, that is, on grassland, there are three measurement points. We can derive
three equations:

KyU (%) - KU (0) + f gh(€) + 1+ (W'(£))2dé =0, )
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KU (x,) - K,U (0) +I0X2 gh(€) + {1+ (W(£))2d€ =0, )
KyU (x3) = K4U (0) +I gh(¢) + 41+ (h'(§))*dE =0. (10)
From egs. (8), (9) and (10), we can derive equations as below:
KilU(x2) —U(x)] + J’XXZ gh(@)y1+ (h'(§))*dE =0, (11)
Ky[U (x3) ~U (x3)] +_[:3gh(f)\/l+ (W(€)*dé=0. (12)

As mentioned above, U = u/k is the inverse of real soil moisture. So, U(x;), U(Xz) and U(xs)
are known. In addition, h(x) is also a known function. Therefore, only K; is an unknown coeffi-
cient in egs. (11) and (12). Since the number of equations is not equal to the number of unknown
coefficient, we can derive K; using the least square method. K, and K3 can be derived by the same
method. In this way, we can obtain the value of K(X).

4 Solution to original model

We used finite unit method to solve the original model. The major meaning of finite unit
method is to find some function that is not equal to 0 as basic functions, and to take target func-
tions as a linear combination of basic functions. For some specific questions and areas, the basic
function can be chosen beforehand. Consequently, the key is to find coefficients of basic functions
to target functions.

Firstly, we can divide level coordinates into 60 units and 5 units between two adjacent sam-

pling points. Then we can construct the basic function ¢, , which, as a function, is equal to 0 ex-
cept at two units within 60 units, and is a linear function within the two units. Within the part of
[Xi, %], @ isaline Itisequa to 0O a x,_, and 1 at x. Similarly, within part of [X;, X411,
¢; isaline, andisequaltoOat X, and 1lat x;.

According to the above statement, we can derive U(x). Assuming that u(x) posseses the form,
U(x)= ZjU i@ () . Thinking about the characteristics of eg. (3), multiplying both sides of it by
an experimental function V(x) that is not equal to 0 within afinite distance, and integrating within
part of [0,X], we can get

K(X) du

I o ﬁ,/u ()2 B

where the first integration can be taken as the sum of three integrations among three parts, [0, X4],

X X X, X
[X1, Xo] and [X,, X]. Theformis L =I0 +J’X1 +Ix2 .

X +J’gh (X)V(x)dx =0, (13)
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Applying subdivision integration to the three integrations, we can get

Xy

K,
A -
. ! YL+ (R ()2

U'(x)V'(x)dx,

I dH SCN-Vhs NRVIN Y
o Y &1+ ()2 & JL+ (h'(%)?

K(x) du

ﬁ}u ()2 X \/1+(h (x)?

XV(x)olH K& d—U%xw(x) s

—U"'(X
& 1+(h(x)* & 1+(h'(x)?

If the connective condition of an interfaceis

k2
Y1+ (N'(Xy))?

Ky , : K,
—U'(X, +0) = ——=——
SO Y1+ (H'(X,))?

U, they become —=——=U"'(X; +0) =

L U'(X, -
1/1+ (h' (xl)) \/1+ (0 (Xl))

————U'(X, +0) =———=—=—=U'(X, -0) and u’(0)=u’(X) =0, so, we have
Y1+ (h' (Xz))2 \/1+(h(><z))2

_ K()
'L Y1+ (h'(x))®

According to the assumption U (x) = ZU 9,09, U= ZU 19 (x) . Because V(x) is at

—= U '(XV'(X)dx,

‘rxl \/1+ (b’ (X))

U’'(x)V'(x)dx.

e Ks
Ixz Y1+ (h'(x))?

U'(X, +0) =

——u'(X, -
\/1+ (b’ (Xl))

u'(X, -0) and u'(0)=u'(X)=0, then for K and

U'(x)V'(x)dx +L gh'(x)V(x)dx=0 OV(x)OCy[0, X].

random, we can take V(x) =¢,(x) directly, so,

C * KX Y X _
- ,;U jL m¢ i ()¢ (x)dx +J;gh (X)9; (x)dx = 0. (14)

In fact, the above is alinear equation assembly for U;. The coefficient matrix can be derived
from the integration of known functions and function values. Certainly, the right-hand side of
equation can be thought of as known. After solving the linear equation assembly, U; is U(x) at
every point . Connecting these points with lines, we have the fina U(X) by the definite units
method. Then, using the inverse of U(x), we can derive the distribution of soil moisture along a
hill slope. The distributions of soil moisture on grassland-slope farmland-woodland slope, on
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slope farmland-grassland-woodland slope and on slope farmland-woodland-grassland slope are
shown in figs. 2—4 respectively.

Soil moisture content (%)
Soil moisture content (%)

11r W : :

10 L L L L L L L L L | 12 L H " n L L L .

0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180
Distance/m Distance/m

Fig. 2. The distribution of soil moisture on the grassland-siope Fig. 3. The distribution of soil moisture on the slope farm-
farmland-woodland slope. G, grassiand; S, slope farmland; W, land-grassiand-woodland siope. G, grassland; S, slope farmland;
woodland. The real line connects measurement data; circles arethe W, woodland. The real line connects measurement data; circles
computed values. are the computed values.

5 Discussion

The field measurement of soil moisture is a
hard work. The mathematical model can simulate
the distribution of soil moisture on hill slope dur-
ing the course of rainfall infiltration using limited
measured data. Figs. 2—4 show that the results
obtained from calculation are smoother than
those obtained from measurement . The reason is
that the measured data is limited, the curves de-
rived from them are not smooth. In addition, the
values computed from the interface of two dif-

ferent land use types evidently jump, representing  Fig. 4. The distribution of soil moisture on the slope farm-
the effects of different land use on the soil mois- :cgr”g;l‘g’r?;d\'sﬁgggﬁnaﬁhifg; o ga=and S Sope
ture. The results are significant and cannot be data; circles are the computed values.
shown by measured data. Furthermore, the model mainly considered the amount of water infil-
trated into the soil from rainfall but the influence of soil character on rainfall infiltration was not
considered. Therefore, it is only applicable to slopes whose soil characteristics are relatively uni-
form.

It isclear from the simulated and measured results that lower part of the slope has the highest
soil moisture content, upper part of the slope has a relatively low soil moisture content, and mid-

dle part of the slope has the lowest soil moisture content at the slope transects. The middle part

Soil moisture content (%)

0 50 100 150
Distance/m
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and lower part of the slope have the highest and lowest slope gradient respectively according to
the dlope gradient measurements. From this, the spatia distribution of soil moisture content is
mainly affected by slope gradient and landscape position. The land use structures can aso have
some effects on the spatial distribution of soil moisture content. The mean water contents of 0—
70 cm soil is the highest for land use structure type of slope farmland-woodland-grassland, rela-
tively low for grassland-slope farmland-woodland, and the lowest for slope farmland-grassland-
woodland. Therefore, it is crucial that land resources are used reasonably according to the slope
gradient and the position on the conservation of soil moisture.
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